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in which m is the total mass of the spacecraft. Whereas
matrices / and Ju are positive definite, Jc is only positive. It
follows that for any arbitrary vector a, the quadratic forms
associated with J and Ju satisfy the inequality

(6)

Using the theorem of the next section, however, we conclude
that

(7)

(8)

(9)

Hence, introducing the functional

and considering inequality, Eq. (7), we can write

K> K}

so that the system is asymptotically stable if KI is positive
definite.

The implication of inequality, Eq. (9), is that it is possible
to use the testing functional KI for stability analysis instead of
AC. Because KJ is free of the terms involving the shifting of C,
the stability analysis can be simplified considerably by using
KJ as a testing functional instead of K. The conclusion is valid
irrespective of the magnitude of xc, yc, and zc. Of course,
when xc, yc, and zc are large the stability criteria derived by
using KJ as a testing functional instead of K can be unduly
restrictive. In most practical cases, however, xc, yc, and zc are
one order of magnitude smaller than the elastic displacements
themselves, in which case no accuracy is sacrificed by using KJ
instead of K.

A Theorem on Inequalities for Quadratic Forms
The simplification of the stability analysis resulting from

the use of the testing functional K} instead of K was based on
the fact that if matrices / and Ju are such that inequality (6) is
satisfied then matrices J ~ ] and /~7 satisfy inequality (7). Of
course, matrices / and Ju do satisfy inequality (6), but it
remains for us to prove that inequality (7) follows from
inequality (6). Consider the following:

Theorem
Given two n x n matrices A and B which are symmetric and

positive definite over the real number field R. If XT Ax>
xTBxfor any n-vector x over R, thenxTA~1x<xTB~1x.

Proof:
Because A is symmetric and positive definite, there is an or-

thonormal matrix £7such that3

A-l/2 = U\-V2UT (10)

where X is a diagonal matrix with its elements equal to the
eigenvalues of the matrix A. The effect of the operation

C=A~l/2BA (11)

is to transform the symmetric and positive definite matrix B
into a matrix C which is also symmetric and positive definite,
i.e.

Similarly, there exists an orthonormal matrix Ksuch that

VTCV= VTA-V2BA-V2 V=v (13)

where jn is a diagonal matrix.

Introducing the linear transformation

p=VTAV2x (14)

into the inequality xTAx>xTBx, where p is an ^-vector, we
obtain

pTVTA-V2AA-V2Vp>pTVTA-V2BA-V2Vp

which reduces to

(15)

(16)

where / is the identity matrix. Because A and B are positive
definite, all the elements of the diagonal matrix ju are positive.
It follows from inequality (16) that

pTI~1p<pr^-1p (17)

Moreover, recalling inequalities (15) and (16), it follows that

pTVTAV2A-lAV2Vp<pTVTAy2B-1AV2Vp (18)

Next, let

y=AV2Vp=AV2VVTAV2x=Ax (19)

so that inequality (18) reduces to

yTA-ly<yTB'ly (20)
Because A is symmetric and positive definite, we can show
that A can be regarded as a linear transformation mapping the
linear space into itself. This concludes the proof that xTA ~*x_
<xTB~1x.

Conclusions
Considerable simplification of the stability analysis for

flexible spacecraft can be achieved by ignoring the shifting of
the spacecraft mass center relative to the nominal undeformed
position. The resulting stability criteria are conservative com-
pared with those obtained by including the shifting of the
mass center, but in most practical cases the loss of accuracy is
insignificant. To demonstrate the validity of the analysis, a
new theorem on inequalities for quadratic forms is advanced
and a proof of the theorem is provided.
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THE high enthalpy nozzle flow of a nitrogen-hydrogen
mixture is of interest from two points of view. First,
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because it appears that entry into the atmosphere of Titan will
require hypervelocity flight in mixtures which consist
predominantly of nitrogen and hydrogen. Second, because the
high recombination rate of dissociated hydrogen suggests that
significant "freezing" of the gases in the nozzle may be
delayed to relatively high stagnation enthalpies. This would be
advantageous for studies of real gas effects in hypervelocity
flows, as it would permit model flows which exhibit
significant real gas effects, whilst retaining an effectively un-
dissociated freestream. This note reports an investigation of a
mixture consisting of 50% N2—50% H2. It was undertaken
with particular emphasis on the second aspect.

Numerical Analysis
A numerical analysis of the nozzle flow was performed

using a Univac 1108 computer, and following the program of
Lordi et al.1 Of the seven species considered, equilibrium
calculations showed that NH2 and NH3 were not present in
sufficient quantities to affect the nozzle flow variables. The
reactions considered in the nonequilibrium case are listed in
Table 1.

The reactions are written in the direction for which rate
data were available. Equilibrium constants are calculated
using thermodynamic data from both JANAF tables7 and
NASA SP-3001.8 The dominant vibrating species were N2
and H2, and their vibrational behavior was represented by in-
dependent "sudden freeze" approximations. The NH con-
centration was such that a consideration of its vibration was
unnecessary.

The behavior of the nozzle expansion was investigated over
a range of stagnation enthalpies. At low enthalpies nitrogen
was not dissociated in the nozzle reservoir, and the expansion
was dominated by the effects of hydrogen recombination.
However, as enthalpies increased, the exchange reactions 8
and 10 played an important role. Reaction 8 produced NH
and reaction 10 destroyed it. The net effect of this was to
cause recombination of nitrogen, with the atomic hydrogen
concentration being held at a high level, despite competition
from the fast direct hydrogen recombination.

Results for the flow at the exit of a conical nozzle are shown
in Fig. 1. The total included divergence angle of the nozzle
was 14°, and the throat diameter was 1.6 mm. It can be seen
that hydrogen atoms are expected to constitute the dominant
atomic species over the range of enthalpies investigated. H
atom concentrations are such that the freestream value of 7,
the ratio of specific heats, changes by less than 1% up to
stagnation enthalpies of 25MJ/kg.

The quantity \-hflhQ is plotted, where hf is the freestream
frozen enthalpy, and h0 is the stagnation enthalpy. This quan-
tity is a measure of the efficiency of conversion of stagnation
enthalpy into directed kinetic energy at the nozzle exit. Reac-
tions 7 and 9 were found to have little effect on the expansion,
and the influence of the exchange reactions 8 and 10 was
determined by performing the calculations with only reactions
1-6 included, and plotting the results on the broken curve.
Comparison between the two curves demonstrates the ef-
fectiveness of the exchange reactions in reducing the frozen
enthalpy of the expanded flow.

It may be noted that the rate data for the reactions 8-10 are
based on theoretical calculations, performed by Mayer et
al.,9'6'5 using modifications of the Johnston-Parr10 method
for predicting kinetic behavior for hydrogen atom transfer
reactions.

Experiments

The experiments were performed in a small free-piston
shock tunnel,11 using a nozzle as specified in the previous sec-
tion. The exit diameter of the nozzle was 38 mm.

Spark schlieren photographs were taken of the oblique
shock formed on a symmetrical two-dimensional wedge, and

of the bow shock on a circular cylinder mounted transverse to
the stream. The oblique shock measurements were designed to
check the value of 7 in the freestream, whilst the purpose of
the experiments on the cylinder was to observe the effects of
postshock reactions in the flow.

For the oblique shock measurements, a wedge was used
with an included angle of 70° between the wedge faces. The
angle between the shock wave and the wedge face was
measured. This angle depended upon the density ratio across
the shock wave and, since a strong shock was formed on the
wedge, the density ratio depends upon the freestream value of
7-7. The variation of shock-wedge angle with time was
measured for a number of stagnation enthalpies to confirm
that a test period existed during which the shock angle was
constant. Results for the value of the shock-wedge angle
during the steady period are plotted against stagnation en-
thalpy in Fig. 2a. The stagnation enthalpy was calculated
from measurements of the shock speed, and the pressure after
shock reflection in the shock tube.

Theoretical curves also are shown in Fig. 2a. These curves
incorporate small corrections, of the order of 1°, for
boundary-layer effects on the wedge flow, and for nozzle
source flow effects. The corrections were made according to
the methods outlined by Stalker and Mclntosh12 for air. Cur-
ve (i) shows the expected variation of shock-wedge angle in
the absence of chemical or vibrational relaxation. Estimates
of vibrational relaxation times were made using the data of
Kiefer and Lutz13 for hydrogen, and Millikan and White14 for
nitrogen. They indicated that hydrogen vibration would
equilibrate close to the shock, but nitrogen vibration would
remain frozen. Curve (ii) incorporates the effect of hydrogen
vibration. It can be seen that the experimental results are in
accord with curve (ii), and effectively confirm the expected
variation of freestream 7 with stagnation enthalpy.

It should be noted that the results in Fig. 2a do not allow
differentiation between atomic hydrogen and atomic nitrogen
in the freestream, and therefore cannot be used as a means of
detecting the effects of the exchange reactions 8 and 10.

The bow shock measurements were conducted with a cylin-
der which was 19 mm in diameter. Results for the shock
stand-off are shown plotted in Fig. 2b. Hornung15 used the
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Fig. 1 Properties of expanded flow. ——————AH reactions in
Table 1.—- Reactions 1-6 only. Area ratio = 1000. Stagnation
pressure = 200 atm.
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Fig. 2 (a) Shock-wedge angle on wedge, (i) Chemistry and vibration
frozen, (ii) H2 vibration in equilibrium after shock, (b) Shock stand-
off on cylinder. A = Stand-off; a = Cylinder radius, (i) Frozen
chemistry, (ii) Equilibrium after shock, (iii) Hydrogen equilibrium,
nitrogen frozen, (iv) Prediction of nonequilibrium calculations.
Vibration in equilibrium in all cases.

method of Lomax and Inouye16 to calculate the bow shock
stand-off on a cylinder. He obtained a correlation between
shock stand-off and shock density ratio for the case of a non-
relaxing gas in the shock layer. Hormmg's correlation was
combined with appropriate equilibrium shock density ratios
to obtain the curves (i), (ii), and (iii) in Fig. 2b. In the case of
curve (iv), where the gas was relaxing within the shock layer,
the density distribution along a constant pressure streamtube
downstream of the shock wave was calculated, using the reac-
tion system of Table 1, and this was used to obtain a mean
density in the shock layer. This mean density was then used, in
conjunction with Hornung's correlation, to derive a shock
stand-off distance.

Two points arise from the experimental results. First, it can
be seen that they are consistent with the nonequilibrium
calculations at low stagnation enthalpies. The stand-off
distances correspond to mean shock layer densities in excess
of 8, and confirm that real gas effects are occurring in the
shock layer under conditions where Fig. 2a indicates a
freestream value of 7 close to 1,4. Second, as enthalpies ex-
ceed 30 MJ/kg, the measured stand-off distance increases,
and the results tend to become consistent with curve (i) or (iii),
rather than curve (iv). In the nonequilibrium calculations on
which curve (iv) is based, this range of enthalpies correspon-
ded to the region in which dissociation of hydrogen was
replaced by dissociation of nitrogen as the dominant cause of
density increase in the shock layer. This was the result of an
enhanced disssociation rate for nitrogen, arising from reac-
tions 8, 9, and 10. The increase in shock stand-off raises the
possibility that the enhancement does not occur, and suggests
that it would be worthwhile conducting shock tube ex-
periments to check the theoretical rates used for reactions 8,
9, and 10.
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